
Chapter 3

Regression models

Some suggested texts for regression
Regression is covered in many textbooks, including the following:

� J. Johnston and J. Dinardo,Econometric Methods, 4th Edition, Mcgraw-Hill, 1997

� R.S. Pindyck and D.L. Rubinfeld,Econometric Models and Economic Forecasts, 4th Edition, McGraw-Hill Inter-
national, 1998

� H. Theil,Principles of Econometrics, Wiley, 1971

� T. Amemiya,Advanced Econometrics, Harvard University, Press, 1985

� A. SpanosStatistical Foundations of Econometric Modelling, Cambridge University Press, 1986

� A. Harvey,The Econometric Analysis of Time Series, 2nd Edition, Philip Allan, 1981

For applied regression books:

� N.R. Draper and H. Smith,Applied Regression Analysis, 3rd Edition, Wiley Series in Probability and Statistics,
1998

� E.R. Berndt,The Practice of Econometrics Classic and Contemporary, Addison Wesley, 1991

3.1 What is a model?

The focus of econometrics is to measure a relationship, (often motivated through economic theory), or analyse and de-
scribe an actual phenomenum or process. The theory or process can be represented by amodel, which in practice can
be summarized by data. The model represents a simplification of the actual phenomenum to be explained or predicted.
Statistical thory can then be used to evaluate the model and test relationships between (economic) variables.

Consider, as an example, a deterministic model of consumption behaviour,

logC = a logR + b; wherea; b 2 R:

wherea is theconsumption elasticitywith respect toincome.1 The model can be made stochastic with the addition of
anerror termu, so that,

log Ct = a logRt + b+ ut; for t = 1; :::; T observations.
The disturbance term represents the difference between the observationlogC and the approximate mean,a logR+ b.

A large discrepency could indicate:

� the existence of a non-linear relationship betweenlogR andlogC;

� varying coefficientsa andb, over time;

� omission of other variables;

� measurement error inlogR and/orlogC:

An explanatory model is used to assess the effect some variables may have on another set of variables. A causal
relation is implied, as a distinction is made between the variables that are explained and others that affect them. A
descriptive model does not make this distinction – an example of this is the prediction of an election result from survey
data.

1This example is taken from Gourieroux and Monfort (1995, Chapter 1).
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3.1.1 General formulation

In the preceding section,yt has been i.i.d. Here we extend this to the case where the observations depend linearly on some
known (fixed) (k � 1) vector of regressorsXt. The basic structure will be that

yt = Xt� + ut; whereut � i.i.d.
and E(ut) = 0; var(ut) = �2;

for t = 1; :::; T . This model is indexed by the parameters� and�2.

Interpretation

We can think of the regression model algebraically as simply ak dimensional plane in the space ofyt �X 0
t. However, it

is also useful to work with a distributional understanding via the normal density. SupposeX 0
t = (1; X�
t )

0 and we regard

yt andX�
t as being jointly normally distributed with�

yt
X�
t

�
� N

��
�y

�x
�

;
�
�yy �yx

�xy �xx

��
:

Then

ytjX�
t � N

�
�y +�yx�
�1
xx (X�
t � �x) ;�yy ��yx�

�1
xx�xy

	

= N
�
�yx +�yx�
�1
xxx

�
i ; �

2
	

= N(X 0
t�; �

2):

So a regression model with Gaussian errors can be thought of as the correct conditional model when the data and regressors
are jointly Gaussian.

3.1.2 Econometric models

An econometric model consists of the following:

(1) A set ofbehavioural equationsderived from an economic model or statistical theory, involving some observed
variables and somedisturbances.

(2) An indication of whether the random variables are observed with error.
(3) A specification of the probability distribution of the disturbances and error of measurement.

The choice of a particular model depends on many factors, including its plausibility, ease of estimation, goodness of
fit and ability to forecast. The validity of the model depends on its ability to dominate other models.

3.1.3 Types of models

Macro/microeconometric models, in general, are based on economic theory yielding statis/long-run relationships. Exam-
ples include modelling cross sectional and/or time-series data. Data can be quantitative or qualitative; in the latter case,
these can often be expressed numerically through the use ofdummyvariables, (taking one of two possible values).

Time series data

These measure a particular variable during successive time periods or at different dates. The observations are often
successive and at equi-distant time intervals.
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3.2 What are regressors?

A model represents a set of stochatic relations between the random variables of the process. The model determines the
values of the variables which need to be explained – theendogenousor dependentvariables, which are determined by
the relations of the model. The model also includesregressors, (or exogenous/ independentvariables), which affect the
endogenous variables, but are determined outside the system. Given data on the variables, statistical techniques are used
to estimate the parameters of the model.

The model has, in general, two components: adeterministiccomponent and arandomcomponent. The random
component includes stochastic variables, which have probability distributions associated with them. The deterministic
component includes variables which, given a model and dataset, are fixed or pre-determined.

3.2.1 Regression vs. correlation

Correlationanalysis is closely linked toregressionanalysis. The main objective in the former is to measure the degree
of linear association (i.e. strength) between two variables. In regression analysis, the aim is to estimate or predict the
average value of one variable, given fixed values of the other variables.5 These are often represented by analytical models
(possibly derived from theoretical ones) of explanatory variables,X ! Y , the dependent variables.

Suppose we have(Xi; Yi); for i = 1; :::; n observations representing a sample from some populationN . Direction
and closeness of the linear association between two variables can be measured by thecorrelation coefficient, R. Let �X

and �Y be the sample means ofX andY , respectively, then the data indeviationform is:

xi = Xi � �X

yi = Yi � �Y ;

so that the sample covariance ofX andY is

ccov(X;Y ) = nX
i=1

(Xi � �X)(Yi � �Y )

n

=

nX
i=1

xiyi
n

:

We can express the deviations usingstandardizedvariables,xi=sx, yi=sy to obtain thecorrelation coefficientas the
covariance between these standardized quantities as

R =

nX
i=1

xiyi

n sx sy
;

wheresx =
pPn

i=1(x
2
i =n), sy =

pPn
i=1(y

2
i =n) are the standard deviations and�1 � R � 1. Notice that bothX and

Y are treated as random variables and no distinction is made between the dependent and explanatory variables.

3.2.2 Fixed regressors with errors

In regression analysis, the dependent variable is assumed to be stochastic and has a probability distribution associated
with it. The regressors are assumed to be fixed in repeated sampling, that is,X is the same over various samples. In most
regression models, the assumption of fixed regressors is made.

Suppose that the relationship betweenX andY is expressed as

Yi = g(Xi; ui) (3.1)

where the functiong depends on the unknown parameters andui is thediscrepancyor disturbance.

TheXi’s are assumed to be fixed, while the disturbanceui is assumed random. This implies that the family of
distributions forY is also random, determined by the relation given in (3.1) and the family of distributions chosen foru.

5Regression analysis is typically defined as the study of the dependence of one variable (the dependent variable) on one or more
expanatory variables, with a view to estimating and/or predicting the (population) mean or average value of the former in terms of the
known or fixed (in repeated sampling) values of the latter.
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3.2.3 Regression via conditioning

An equivalent formulation is to suppose that theXi’s are random and that the family of distributions forX is the family of
conditional distributions foru, givenX. The relation given in (3.1) then determines the family of conditional distributions
for Y , givenX. A statement on the distribution ofu in this case is thus a statement about the conditional distribution of

Y , givenX = x.

The joint distribution can be expressed asf(X;Y ) = f(X) f(Y jX) where we are usually interested inf(Y jX),
depending on theexogeneitystatus ofX in relation toY . Suppose economic theory suggests E(Y jX) = g(X), and that
we consider a linear relationship,�+ �X. For eachi,

E(Y jXi) = �+ �Xi

ui = Yi �E(YijXi) = Yi � �� �Xi:

Conditional models A conditional modelis a set of possible values for a random variableY and a family of conditional
distributions forY; f(Y jX = x).

3.2.4 The simple linear regression model

The classical (simple) linear regression model satisfies the following assumptions:
Xi is non-stochastic (3.2)

E(ui) = 0 8 i (3.3)

var(ui) = E(u2i ) = �2 8 i (3.4)

cov(ui; uj) = E(uiuj) = 0 8 i 6= j: (3.5)

In (3.2), thefXig are treated as fixed, so one can treat the properties ofut unconditionally (without conditioning on

X1; :::; Xn). Assumptions (3.3), (3.4) and (3.5) can be represented byui � iid(0; �2).6 There are three parameters
to estimate:�; � and�2. Both � and� are taken as a pair, using some numerical estimate,~� and ~� to fit a line,

^Yi = ~� + ~�Xi; the residuals from the line are then used to form an estimate of�2. Suppose we consider a possible

sequence ofY populations given in the top panel of Figure 3.1. The assumptions above imply certain assumptions about
the population. The bottom panel of Figure 3.1 show the assumptions imposed to analyse the problem: the probability
distributionsP (YijXi) have the same variance for allXi; the meansE(Yi ) = �i lie on a straight line and that the random
variablesYi are uncorrelated. The assumption of normality has also been imposed on the residuals.

Let the residuals from any fitted straight line be denoted by

ei = Yi � bYi = Yi � b�� b�Xi for i = 1; :::; n;

and are depicted in Figure 3.2. SinceY is measured vertically and our objective is to minimize the error in explaining

Y , the vertical distance is used as a measure of error. Each pair of(~�; ~�) values define a different line; hence a different
set offeigni=1. The ‘Least Squares’ principle is to select one pair^�; ^� to minimize theResidual Sum of Squares(RSS),
that is,

min
�;�

RSS =

nX
i=1

e2i =

nX
i=1

(Yi � ^Yi)
2 (3.6)

and is denoted theleast squares criterion. We will see that a theoretical justification is provided by the Gauss Markov
theorem and the maximum likelihood criterion for the normal regression model, (and produces an analogy to Pythagoras’

6Suppose we had atime series: Yit = � + �Xit + uit, for t = 1; :::; T . Then for the modelYt = N� + �Xt + Ut, whereXt,

Yt andUt are the sum overi of Xit, Yit anduit respectively, then assumptions (3.3), (3.4) and (3.5) mean that the disturbances,Ut,
are uncorrelated, each having zero mean and a constant, finite variance,�2. If we make the additional assumption of independence
over time, thenUt � iid(0; N�2). Taking them to be uncorrelated is a weaker assumption than independence, although if we were to
assume normality, independence would immediately follow.



3.2 What are regressors? 35

x2x 1
x

Y

P(Y|x)

µ1

µ2  

µ3

x3
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Figure 3.1 Top: general populationY givenx; Bottom: form of populations ofY assumed in simple linear regression..
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Figure 3.2 Least-Squares estimators: Residuals from a fitted line..
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(3) �(X ) = k.
(4) var(u jX ) =E(uu 0jX ) = �2I

(5) u jX is normal

The most common association with the above estimator is with the so called least squares principle, which determines
an estimate^� by finding the value of� which minimises the squared vertical distances betweeny andX�.

As before we wish to obtain the estimator^� that minimizes the sum of squares of the residualse 0e, where

e = y �X ^�:

MinimizeS(�) = (y �X�)0(y �X�) w.r.t. all the elements of�:

So the normal equation is now(X 0X ) ^� = X 0y , and so^� = (X 0X )�1X 0y : The form

^� = (X 0X )�1X 0(X� + u) = � + (X 0
X )�1X 0u

is an alternative form for the OLS estimator.7

3.2.5.1 Properties of the OLS estimators

^� is a random vector since it is a function ofy , and is:

(1) Linear
(2) Unbiased

7An example: the normal equations for the two-variable case.
Suppose we havey = X� + u ; where theX matrix is:

X =
0BBBB@
1 X1

1 X2

...
...

1 Xn

1CCCCA ;

so that,

X 0X =
 
1 1 � � � 1

X1 X2 � � � Xn

!0BBBB@
1 X1

1 X2

...
...

1 Xn

1CCCCA =
 
n

P
n

i=1

XiP
n

i=1

Xi

P
n

i=1

X2
i

!

and

X 0y =
 
1 1 � � � 1

X1 X2 � � � Xn

!0BBBB@
y1

y2

...

yn
1CCCCA =
 P
n

i=1

yiP
n

i=1

Xiyi
!

giving either

nb�1 + b�2Pn
i=1

Xi =
P
n

i=1

yi or b�1Pn
i=1

Xi + b�2Pn
i=1

X2
i =

P
n

i=1

Xiyi:

Note that the OLS equations fory onX in partitioned form, (see Appendix 3.5.5), are b�1b�2
!

=
 
X 0
1X1 X 0
1X2

X 0
2X1 X 0
2X2

!

So

b�1 =

n
(X 0
1M2X1)

�1

� (X 0
1M2X1)

�1

X 0
1X2(X

0
2X2)

�1
o 
X 0
1y

X 0
2y

!

= (X 0
1M2X1)

�1

X 0
1M2yb�2 = (X 0

2M1X2)
�1

X 0
2M1y :

If y is replaced byX b�+e in (X 0X )b� = X 0y ; then(X 0X )b� = X 0(X b�+e) = X 0X b�+X 0e so thatX 0e = 0; implying that

e = 0; i.e. each regressor has zero sample correlation with the residuals, which impliesby0e = (X b�)0e = b� X 0e = 0:
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(3) BLUE (Gauss Markov theorem) with variance var( ^�) = �2(X 0X )�1.
(4) Multivariate normal:^� � Nf�; �2(X 0X )�1g

(5) Maximum likelihood estimator.

3.3 Bias and variance

Fory = X� + " andE(") = 0 while V ar(") = �2I, then

b� = (X 0X)
�1
X 0y = � + (X 0X)

�1
X 0";

so b� is unbiased whileV ar
�b�� = �2 (X 0X)
�1.

3.3.1 MMSLE (Gauss-Markov)

Figure 3.4 The restricted class of estimators considered in the Gauss-Markov theorem.

OLS estimators areMMSLEor BLUE: they have the minimum variance in the class ofLinearUnbiasedEstimators,
see Figure 3.4.

Gauss Markov theorem

The least squares estimator is theBestLinearUnbiasedEstimator of�.
The estimator is theBestin the sense that the var-cov matrix of any other estimatorexceedsits var-cov matrix by a
positive semi-definitematrix.
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with solution^y = 1 + 1:75X. In devaiation form:

x y xy x2 y2 ^y e xe

�2 �4 8 4 16 �3:5 �0:5 1

�1 �1 1 1 1 �1:75 0:75 �0:75

�3 �5 15 9 25 �5:25 0:25 �0:75

1 1 1 1 1 1:75 �0:75 �0:75

5 9 45 25 81 8:75 0:25 1:25

Sums 0 0 70 40 124 0 0 0

^� =

P
xiyiP

x2i
=

70
40

= 1:75

^� = �Y � ^� �X = 8� 1:75(4) = 1

and the ESS and RSS are

ESS = ^�
X
xiyi = 1:75(70) = 122:5

RSS = TSS � ESS = 124� 122:5 = 1:5

R2 =

ESS
TSS

=
122:5

124

= 0:9879:

The estimate of�2 and the estimated variances of^� and ^� are given by

s2 = RSS=(n� 2) = 1:5=3 = 0:5

^var( ^�) = s2=
X
x2i = 0:5=40 = 0:0125

^var(^�) = 0:5
�
1

5
+

16
40

�
= 0:3:

The estimated standard errors of the regression coefficients are thus

s.e.(^�) =
p
0:3 = 0:5477 and s.e.( ^�) =

p
0:0125 = 0:1118:

A preselected critical value from thet distribution with 3 d.o.f. ist0:025 = 3:182. So a95% Confidence Interval for� is

�1� 3:182(0:5477); i.e. (�0:74; 2:74)

and� is:

1:75� 3:182(0:1118); i.e. (1:39; 2:11):

A 95% C.I. for �2 is

1:5
9:35

to

1:5

0:216
;

i.e. (0:16; 6:34), since�20:025(3) = 0:216, �20:975(3) = 9:35 and

P
e2i = 1:5.

3.4 Central limit theorems for regression�

If the data is not Gaussian, then the exact distributional behaviour ofb� is not immediately known. It is thus interesting
to study large sample approximations which can give us rough but general results. Unfortunately when we move away
from iid models we cannot use such simple limit theorems as the Lindeburg-Levy CLT we have exploited so far in these
lectures. Instead we need to refer to more general results which are slightly more intricate. I refer you to White (1984)
and White (1994).
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3.5 Appendix

Some notation and useful formulae on matrix algebra, taken from lecture notes by P.M. Robinson,8 can be found below.
As it is primarily intended to cover matrix formulae relating to standard economics problems, the list is not exhaustive
and Magnus and Neudecker (1988) and L¨utkepohl (1996) should be consulted for further information. A comprehensive
review of matrix algebra can also be found in Johnston and Dinardo (1997, pp.455-484). Since parts should have been
covered in the maths crash course, only a brief exposition on some of the key formulae will be given here. Additional
references are Harvey (1981, pp. 359-361) and Magnus and Neudecker (1988).

3.5.1 Basic definitions and axioms

(1) A = Ap�q = (aij) is ap� q matrix, (p rows,q columns) withaij as its (real) element in thei’th row, j’th column,
wherei = 1; :::; p andj = 1; :::; q.

(2) A0 = (aji) is thetransposeof A.
(3) cA = (caij), if c is scalar.
(4) A+B = (aij + bij) if B is alsop� q.
(5) AB = (

Pq
k=1 aikbkj), if B hasq rows.

(6) (AB)C = A(BC) = ABC associative property. In general, matrices do notcommute, AB 6= BA.
(7) (AB)0 = B0A0.
(8) �(A) is therankof A, i.e. the number of linearly independent rows (columns).
(9) If �(A) is equal to the number of columns (rows), we sayA is of full column (row) rank.

(10) �(AB) � minf�(A); �(B)g, i.e. rank of a matrix cannot be increased by multiplying it with another matrix.
(11) If aij = 0, for all i; j, thenA = 0.

3.5.2 Square matrix,Ap�p

(1) tr(A) =
Pp

i=1 aii, thetraceof A.
(2) If aij = 0 for all i 6= j, writeA = diag(a11; :::; app).
(3) tr(BC) = tr(CB) if BC, (and thereforeCB), are square.
(4) tr(A0) = tr(A).
(5) Thedeterminantof A is

jAj =
pX

i=1
aij(�1)i+jAij

whereAij is the(i; j)’th minor, i.e. the determinant of the(p� 1)� (p� 1) matrix formed by deleting thei’th row
andj’th column ofA.

(6) jA0j = jAj.
(7) jABj = jAjjBj if B is alsop� p.
(8) jcAj = cpjAj if c is scalar.
(9) If jAj = 0, thenA is singularand so�(A) < p.

(10) If jAj 6= 0, A is said to benonsingular. Then�(A) = p and the inverse ofA, denotedA�1 exists, such that

AA�1 = Ip, whereIp = diag(1; :::; 1) is thep� p identitymatrix.
(11) The elements ofA�1 are continuous in elements ofA, except atjAj = 0.
(12) (AB)�1 = B�1A�1 if jAj 6= 0 andjBj 6= 0.
(13) jA�1j = jAj�1 if jAj 6= 0.
(14) �(AB) = �(A) if jBj 6= 0; (also true for rectangularA).
(15) The zeros�1; :::; �p of the polynomial

jA� �Ipj =
pX

i=1
�p (where� is scalar

8Results are taken from P.M. Robinson’s (1996) lecture notes in Advanced Econometric Theory, MSc. Econometrics and Mathe-
matical Economics, London School of Economics.
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3.5.8 Kronecker products and vec notation

(1) TheKronecker productof (possibly rectangular) matricesAp�q andBr�s is thepr � qs matrix

A
B =
0BBB@
a11B a12B � � � a1qB

a21B a22B � � � a2qB

...
...

. . .
...

ap1B ap2B � � � apqB

1CCCA :

(2) (A+B)
 C = A
 C +B 
 C:

(3) (A
B)
 C = A
 (B 
 C) = A
B 
 C.
(4) (A
B)(C 
D) = AC 
BD if AC andBD are defined.
(5) (A
B)0 = A0 
B0.
(6) tr (A
B) = ftr (A)gftr (B)g if p = q andr = s.
(7) jA
Bj = jAjrjBjp if p = q andr = s.
(8) (A
B)�1 = A�1 
B�1 if jAj 6= 0 andjBj 6= 0.
(9) �(A
B) = �(A)�(B).

(10) Denoting byaj thej’th column ofA,

vec(A) =
0BBB@
a1

a2

...

aq
1CCCA :

(11) vec(ABC) = (C 0 
A) vec(B).
(12) tr (ABCD) = vec0(C)(D 
B0) vec(A0).

3.5.9 Matrix differentiation

(1) @
@x
x0Ay = Ay:

(2) @
@x
x0Ax = (A+A0)x:

(3) LetA be a function of a scalar�. Then
(a)

@ ln jAj
@�

= tr

�
(A0)�1

@A
@�

�
:

(b)

@A�1

@�

= A�1 @A
@�

A�1:

(c)

@2 ln jAj

@�2

= tr

�
(A0)�1

@2A
@�2

� (A0)�1
@A0

@�
(A0)�1

@A
@�

�
:

(d)

@2A�1

@�2

= A�1
�
@A

@�
A�1 @A
@�

� @2A
@�2

�
A�1:

(4) LetA be a function of a vector�. Then
(a)

@ ln jAj
@�

=
�
@vec0(A)

@�

�

vec

�
A�1

�
:
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(b)

@vec’(A�1)

@�

= �
�
@vec’(A)

@�

��
A�1 
 (A0)�1)

	
:

(5) LetA be a function of a vector�, butB andC be functionally independent of�. Then

(a)

@tr (AB)

@�

=
�
@vec0(A)

@�

�

vec(B0):

(b)

@ tr (A0BAC)

@�

= 2
@vec0(A)

@�

(C 
B0) vec(A):

(c)

@2 tr (A0BAC)

@�@�0

= 2
@ vec 0(A)

@�

(C 
B0)
@ vec(A)

@�0

+M;

whereM has(i; j)’th element
2 tr

�
A0B

@2A

@�i@�j
C

�
:

For a vectorA; (n� 1) and vectorx also(n� 1) such thatA0x =
P
Aixi,

@(A0x )

@x

= A

and

@(A0x )

@x 0

= a 0:

For the quadratic formx 0Ax , whereA is a matrix:

@(0Ax )

@x

= (A+A0)x

@(x 0Ax )

@x@x 0

= A+A0

@(x 0Ax )

@A

= xx 0
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